The compression of a finite extent Gaussian laser pulse in collisional plasma is investigated. An analytical model is employed to describe the spatiotemporal evolution of a laser pulse propagating through the plasma medium. The pulse geometry is modeled via an appropriate ansatz which takes into account both beam radius (in space) and pulse width (in time). Compression and selffocusing are taken into account via appropriated group velocity dispersion and nonlinearity terms. The competition among the collisional nonlinearity in the plasma and the effect of divergence due to diffraction is pointed out and investigated numerically. Our results suggest that laser pulse compression and intensity localization is enhanced by plasma collisionality. In specific, a pulse width compression by an order of magnitude approximately is observed, for typical collisional laser plasma parameters, along with a significant increase in the intensity.
Introduction
The interaction of ultraintense very short electromagnetic (EM) (laser) pulses with plasmas [1] [2] [3] [4] [5] [6] [7] has attracted a great deal of attention in relation with fundamental research and technological applications [8] [9] [10] [11] [12] [13] , such as particle acceleration, inertial confinement fusion, high harmonic generation and x-ray lasers [14] . The standard approach to produce an ultrashort, ultraintense multiterawatt laser pulse is the chirped-pulse-amplification (CPA) technique [15] , in which a laser pulse is stretched, amplified and recompressed. The CPA scheme has shown the ability of generating subpicosecond petawatt laser pulses with up to 500 J per pulse. This approach is limited due to the finite bandwidth of the active mm amplifiers used in the lasers. A new scheme of parametric amplification to produce ultrashort and powerful pulses was proposed in [16] . The superradiant amplification of an ultrashort laser pulse was reported in [17] considering an electromagnetic beam colliding with a long counterpropagating low-intensity pump in the plasma.
Short pulses are of particular importance because they could lead to higher peak powers without increasing the laser pulse energy, e.g. without increasing the size and cost of the laser system. In the last few years, several scenarios have been proposed for the selffocusing [18] and self-compression [19] of a laser pulse in plasma. In a three-dimensional (3D) geometry, self-compression in the longitudinal direction competes with transverse selffocusing/filamentation. A 3D PIC simulation reported in [20] has shown that a 30 fs long laser pulse can be efficiently compressed to 5 fs by using a periodic plasma-vacuum structure to damp filamentation. A mechanism for (self-)compression of a single laser pulse, thanks to the interplay between relativistic self-phase modulation, group velocity dispersion and the presence of a high-amplitude nonlinear plasma, was demonstrated theoretically in [21] [22] [23] . A recent numerical investigation [24] has shown that microwave pulses can be compressed (with or without a frequency shift) inside magnetized plasma by changing the magnitude or the direction of the magnetic field uniformly in space and adiabatically in time.
An independent approach [25] , cited here for completeness, relies on self-focusing of fewoptical-cycle pulses. It was shown that the wave-field self-focusing proceeds by overtaking the steepening of the pulse longitudinal profile, leading to shock-wave formation. Consequently, a more complex singularity is formed where an unlimited field increase is followed by wave breaking with a broad power-law pulse spectrum. Furthermore, yet independently, relativistic nonlinearity effects on the evolution of the spot size and of the pulse length of a short laser pulse propagating through a thin uniform plasma lens have been investigated in [26] and elsewhere.
The propagation of an electromagnetic pulse in collisional plasmas may involve a variety of physical phenomena [27] [28] [29] [30] . In collisional plasma, the focusing of electromagnetic beams is due to a non-uniform profile of the dielectric function on account of non-uniform ohmic heating and of the associated electron plasma diffusion. Elegant reviews of this phenomenon have been furnished by Sodha et al [31] and Sprangle et al [32] . A number of earlier works [19] [20] [21] [22] [23] [24] 26] have focused on pulse compression in relativistic plasmas, in relation with short and ultraintense pulses. We shall adopt and extend here the earlier approach of [27] [28] [29] [30] and [33, 34] .
In this paper, we investigate the compression of a finite extent Gaussian laser pulse propagating through collisional plasma. We employ a trial function methodology to model the spatiotemporal beam profile. We rely here on the model introduced by Akhmanov [33] and later extended by Sodha and co-workers [34] , advancing it to an efficient description of collision-dominated plasmas. The results obtained are novel and of relevance in laserignition experimental schemes. We show that plasma collisionality competes with the effect of pulse divergence due to diffraction. A numerical investigation suggests the possibility of compression and increase in the intensity of a laser pulse in a collision-dominated plasma. From a wider scope, the theory employed here is generic, so it may be adapted to other types of nonlinearities, to study different effects involved in the dynamics of short and intense pulses.
The paper is organized as follows. In section 2 we derive an analytical model for the beam width parameter (in space) and the pulse width parameter (in time). Following the Akhmanov approach [33] (also see [7] ), the nonlinear Schrödinger equation is solved to obtain a set of two coupled nonlinear second-order ordinary differential equations (ODEs) for the pulse profile trial functions (pulse width and beam width parameters). The pulse width parameter measures the longitudinal compression of the pulse width in the plasma medium while the beam width parameter shows the transverse focusing of the pulse. In section 3, we derive an analytical form for the plasma dielectric function taking into account collisional nonlinearity. In section 4, the set of evolution equations for the pulse width parameter g and the beam width parameter f are solved numerically for g and f , along with the force and energy balance equations, allowing for an efficient characterization of the pulse profile in collisional plasma. In section 5, we conclude by summarizing our analytical model and the results of our numerical computation.
Analysis
We consider the propagation of an EM pulse of intensity
in a plasma of uniform density n 0 (in the absence of the electromagnetic field). Considering a Gaussian envelope for the incident laser pulse, the irradiance is given by
where E is the amplitude of the electric field, A 00 is the axial amplitude of the beam, r 0 is the beam radius (in cylindrical coordinates) and τ 0 is the pulse width (in time). The electric field satisfies the wave equation
The dielectric function ε can be expressed as
where
where ω p is the plasma frequency and ω is the frequency of the incident laser pulse.
Substituting for E from equation (1) in the wave equation, one obtains
0 is the group velocity of the pulse. We will now introduce the dimensionless variablest
0 . The tilde, denoting dimensionless quantities in the latter relation, with henceforth be omitted everywhere. The second term in the above equation (within parenthesis) physically represents diffraction, which is necessary for transverse focusing. The third and fourth terms account for the finite pulse length effect. The third term is known as the group velocity dispersion (GVD) term and it results in pulse compression when combined with (balanced by) nonlinearity. The last term in equation (6b) represents nonlinearity, which is here due to collisional heating of plasma. Since the parallel variation of the amplitude A in terms of z is assumed to be slower than the transverse one (in r), therefore terms in ∂ 2 /∂z∂t and ∂ 2 /∂z 2 can be neglected. Considering the above, equation (6b) can be simplified as
where contributions representing diffraction, dispersion and nonlinearity are obvious. The nonlinear Schrödinger equation (NLSE) (7) has been derived in various forms and via different physical approaches in earlier works [3, 18-20, 25, 26, 35, 36] . Here, we follow the paraxial beam profile approach, introduced by Akhmanov in [33] and later extended by Sodha and co-workers in [34] .
In the paraxial approximation, the dielectric function can be expressed as
where we defined
is the linear part of the dielectric constant, ε 2r is the nonlinear transverse part of the dielectric constant and ε 2t is the nonlinear longitudinal part of the dielectric constant. In equation (8) the dimensionless form of beam widthr 0 = (ω p /c)r 0 and pulse widthτ 0 = ω p τ 0 is used. Again, tildes will be omitted below.
The solution of equation (7) can be written as
where both amplitude A 0 and eikonal (phase) S are real quantities. Substituting for A from equation (9) in equation (7) and separating real from imaginary parts, one obtains
and
We anticipate a solution for equations (10) and (11) in the form [31, 33, 34 ]
where g = g (z) and f = f (z) are trial functions, to be determined. Here f represents the beam width parameter, whose form determines the (variation of the) beam width as it propagates through plasma. In an analogous manner, the pulse width parameter g determines the pulse width profile (in time). Substituting for A 2 0 and S from equations (12) and (13) in equation (10) and equating the coefficients of r 2 and t 2 on both sides of the resulting equations, one obtains
The same procedure, along with equation (8) for φ, leads from equation (11) to the coupled equations
which govern the joint evolution of the beam width (space) and pulse width (time) parameters, f and g. These two coupled second-order ordinary differential equations given can be further expressed in terms of the dimensionless diffraction length
where ξ = z/R d . For an initial plane wave, the boundary conditions on equations (16a) and (16b) are taken to be f = g = 1 and df/dξ = dg/dξ = 0 at ξ = z = 0 (implying certain initial conditions on ε 2r and ε 2t from equations (16a) and (16b)). Equations (16a) and (16b) can be numerically integrated by using appropriate boundary conditions to evaluate the beam width parameter f and the pulse width parameter g as functions of ξ , provided that the functional forms of ε 0 , ε 2r and ε 2t are known. Results for collisional plasmas with a specific expression for ε are presented in the following sections.
Dielectric function of collisional plasma
The drift velocity υ e of electrons in collisional plasma is governed by
where m is the electron mass and ν e is the effective frequency of mutual electron collisions. Considering an alternating uniform electric field of frequency ω (namely E = E 0 exp(iωt)) switched on at t = 0, one obtains from the above equation
At times longer than the characteristic (inverse) collision frequency (t 1/ν), one has
The energy balance for the electrons in the plasma may be expressed as [37] d dt
where the first term on the right-hand side represents the rate of ohmic heating per electron and the second term represents the rate of loss of energy by an electron in collisions with the heavy particles. Here, T e denotes the electron temperature in the presence of the field, k B is Boltzmann's constant, T 0 is the temperature of the plasma (electrons and ions) in the absence of the pulse and δ is the fraction of excess energy lost in an electron collision with heavy particles (∼2m/M); M is the effective mass of the scatterer (ion and neutral particle). Upon substituting for υ e from equation (19) in equation (20) 
Let us express the electron temperature as
where T s is the variation in electron temperature due to the field. We shall assume a constant mean free path for the electron collisions, so the collision frequency becomes
where ν 0 represents the collision frequency in the absence of the field. It is appropriate to stress that this expression assumes a constant value for the field-free collision frequency, i.e. a collision cross section which is velocity independent. The situation we aim at describing here presupposes electron-neutral collisions dominating over electron-ion ones, so that the dependence such as ν e ∝ T 1/2 e is found to be more appropriate than the Spitzer formula ν e ∝ T −3/2 e (valid for highly ionized or fusion plasmas) (see e.g. NRL Plasma Formulary [38] ). Such a plasma exists in many cases [37, 39] e.g. in the lower ionosphere, weakly ionized laboratory plasma (dominated by e-n collisions) and semiconductors dominated by acoustical-phonon scattering (e.g. Ge at low temperature). In particular, the dependence of the electron density (as given by equations (27-30)) on the electron temperature is significant only at very high irradiances, as encountered in ionospheric modification experiments [40, 41] .
Substituting for T e and ν e as above and EE * = A 
By using the dimensionless variablest = (t − z/v g )ω p and T s /T 0 = θ the above equation can be written as
In the paraxial approximation the electron temperature can be cast in the form
where θ 0 is the axial temperature, θ r is the transverse part of electron temperature and θ t is the longitudinal part of electron temperature. Substituting θ from equation (26) in equation (25), one obtains the compatibility conditions
where α = e 2 (ν 0 /ω p )/3mω 2 k B T 0 . A redistribution of electrons can result from a nonuniform electron temperature distribution:
where n e and n 0 are the electron densities in the presence of and absence of the pulse, respectively. A redistribution of electrons can result from a nonuniform electron temperature distribution, where one may use the steady state equation [31, 34] as given by equation (30) . When the pulse duration τ is greater than the collision frequency ν −1 , say of the order of (δν) −1 ; the current density has almost the steady state value, corresponding to the instantaneous electron temperature. Since the electron density distribution corresponding to a given electron temperature distribution approaches the steady state value in a period of the order of ν −1 , it is an excellent approximation to assume steady state electron density distribution, corresponding to instantaneous electron temperature.
In a neutral collision-dominated plasma ν im δ ei ν ei and hence the heating of ions is not significant. The duration in which the steady state current density corresponding to a given electron temperature gets established, namely 1/ν, is much smaller than the duration (δν) −1 , for the temperature to change significantly. Hence the steady state current density, corresponding to instantaneous electron temperature, is a good approximation.
Equation (30) considers the plasma as quasi-neutral (so that one can neglect the electronion charge separation force compared to the electron pressure force in the electron momentum equation). For the plasma to be quasi-neutral the pulse duration should be much larger than the time required for the ion-acoustic sound wave to travel a distance equal to the laser pulse width. This is (30) the dielectric function of the plasma can be expressed as
ω p0 is the plasma frequency in the absence of the pulse.
Numerical results and discussions
We shall consider an incident laser pulse whose (field) Gaussian envelope is given by
In order to investigate the pulse evolution in plasma, we have used the paraxial approximation.
We have found a solution in the form (combining equations (1), (9), (12) and (13))
is the pulse width (in time) in plasma and F (z) = r 0 f (z) is the beam width (in space) in the radial direction of the plasma; T(0) = τ 0 is the initial pulse width and F(0) = r 0 is the initial beam width. The pulse compression process for a finite extent Gaussian laser pulse in plasma may be investigated by calculating the pulse length T (z) and the beam width F(z). Recall that the pulse length and beam width are proportional to the pulse width parameter g(z) (given by equation (16)) and the beam width parameter f (z) (given by equation (15)) respectively.
We have numerically solved the sets of equations (15), (16) and (27)- (29) for the beam width parameter f , pulse width parameter g, θ 0 , θ r and θ t , in combination with (31)- (34) for the dielectric function, in order to investigate the focusing and compression of the pulse. We have performed numerical computation for the following dimensionless parameters: (23) and (30) . Equation (23) requires that ion neutral collision frequency should be less than electron neutral collision frequency which is true from the following:
where ν i and ν are the ion neutral collision frequency and electron neutral collision frequency respectively. Applicability of equation (30) requires that the pulse duration τ 0 should be greater than the collision frequency ν −1 0 and of the order of (δν 0 ) −1 , as satisfied by the above parameters. Figure 1 represents the redistribution of the electron temperature and the density distribution scaled by their equilibrium (unperturbed) values. During the simulation we observe a redistribution of the electron temperature due to the non-uniform Gaussian intensity distribution. We find that the maximum electron temperature lies in the high-field region and gradually decreases toward the low-field region. However, the relative heating (increase in ratio) in the electron temperature does not exceed a factor 2. The associated electron density distribution establishes a gradient in the dielectric constant, which leads to compression and focusing of beam. We have to add for rigor that, at higher electron temperature, the electron density can also change due to additional ionization and thus equation (30) may be violated. Admittedly, the ionization effect was not incorporated in our physical model. However, the observed increase in electron density ( figure 1) suggests that ionization appears to be ruled out under the conditions considered. Figure 2 represents the dependence of the beam width parameter f and of the pulse length parameter g on the dimensionless distance of propagation ξ . The analytical behavior of the curves suggests that the pulses undergoes both focusing and compression. The focusing of the pulse results from the nonuniform distribution of the electron density and thus of the dielectric function, due to the nonuniform electron temperature. We shall attempt to estimate quantitatively the shortening of pulse length as a consequence of the focusing. We note that regions of lower intensity within the pulse would tend to focus less rapidly. Therefore, over a distance of the order of the focusing length, the intensity of the peak is greatly enhanced whereas the regions away from it are less so; this results in a compression of the pulse. Figure 3 shows the compression of the pulse and the increase in pulse intensity during its propagation. We observe a compression in the full-width-at-half-maximum of the laser pulse by an order of magnitude approximately, while the pulse intensity is increased six times from its initial value.
To verify the interdependence among compression and focusing we have represented the spatiotemporal dynamics of the pulse irradiance (field intensity) profile at different values of z. Figure 4(a) shows the initial irradiance of a Gaussian pulse at ξ = 0. Figures 4(b)-(d) depict the irradiance profile of the compressed pulse, at different points (ξ = 1, ξ = 4 and ξ = 5) in the collision-dominated plasma. The surface plots of the spatiotemporal irradiance distribution confirm the occurrence of pulse compression and of an increase in pulse intensity.
Conclusions
In this paper we have investigated the compression of an electromagnetic (laser) pulse in collisional plasma, by considering a finite extent Gaussian pulse profile. We have derived an analytical model for the dynamics of the beam width (in space) and of the pulse duration (in time), starting from a wave equation which incorporates diffraction, dispersion and nonlinear terms due to collisions. We have defined a pair of appropriate trial functions f (in space) and g (in time) whose evolution determines the dynamics of the beam profile in space and time coordinates. These functions were determined by a system of coupled nonlinear differential equations for the beam width parameter f and the pulse width parameter g.
To complement our analytical results, we have solved the system of dynamical equations numerically, along with the equations for the axial, transverse and longitudinal parts of the electron temperature and the dielectric function, to investigate the shortening of the pulse width parameter and hence pulse compression as a function of the distance of propagation. The numerical simulation confirms the compression of the pulse and increase in the pulse intensity. The group velocity dispersion in combination with the collisional nonlinearity leads to the compression of laser pulse. It is also observed that for a finite extent laser pulse, transverse focusing strongly interferes with the process of pulse compression.
In conclusion, our analytical and numerical investigations suggest that a laser pulse can be efficiently compressed in the collision-dominated plasma. We have numerically observed compression in the full-width-at-half-maximum of the laser pulse, along with a significant increase in intensity. The evolution of a short and intense pulse in collisional plasma would be of great interest because they could lead to higher peak powers. We believe our results to be of relevance in achieving short and ultraintense laser pulses.
